ABSTRACT. This paper develops closed-form expressions for cofree coalgebras over free operads. This leads to a proof that homology equivalences of cogenerating complexes induce homology equivalences of the cofree coalgebras. We show that the underlying chain complex of any cofree coalgebra is naturally a direct summand of the underlying chaincomplex of a cofree coalgebra over a free operad. This is combined with the previous result to prove the homology invariance of all cofree coalgebras.
INTRODUCTION
This paper continues the work of [9] on cofree coalgebras over operads (see definition 2.12).
One of its goals is to prove the homology invariance of these constructs with respect to homology equivalences of cogenerating chain-complexes. It has always been possible to In many cases, we need stronger or more general results. For instance, the homotopy theory of coalgebras over operads involves unbounded chain-complexes that are generally not Z-free. In this setting, homology equivalences of chain-complexes do not necessarily imply chain-homotopy equivalences.
In § 3, we develop a particularly explicit expressions for cofree coalgebras over a free operad -see theorem 3.10. They does not require the complex infinite limiting process used in [9] and lead to an immediate proof of homology invariance in this case -see corollary 3.14. They also lead to explicit computations of homology in many cases.
Lemma 4.4 in § 4, shows that the kernel of an induced map of cofree coalgebra is itself a cofree coalgebra. Theorem 4.7 uses this to show that the underlying chain-complex of any cofree coalgebra over an operad is naturally a direct summand of the underlying chain complex of a cofree coalgebra over a free operad. Homology invariance in the case of free operads then induces homology invariance in general.
Although the main thrust of this paper is homology invariance of cofree coalgebras, we also generalize the results of [9] slightly. In corollary 4.5 of § 4, we prove the existence of cofree coalgebras cogenerated by chain-complexes that are flat over R rather than free.
Many interesting applications of cofree coalgebras require this additional generality (see remark 2.1).
The reader may wonder what can be said for free algebras over operads. Free algebras have simple, closed-form expressions that have been well-known for some time -see [5] and [6] . Homology invariance of these objects follows by a spectral sequence argument similar to lemma 3.13.
It is interesting that the homology invariance of cofree coalgebras appears to be so difficult to prove. The problem is that cofree coalgebras naturally occur as infinite intersections of subcomplexes of uncountably generated modules (see [9] ) -i.e., inverse limits. Unfortunately, these are not the types of inverse limits computable by Milnor's methods -the chain-maps are injective rather than surjective.
DEFINITIONS AND ASSUMPTIONS
Throughout this paper, R will denote a field or Z. We will denote the closed symmetric monoidal category of (not necessarily free) R-chain-complexes with R-tensor products by Ch(R). These chain-complexes are allowed to extend into arbitrarily many negative dimensions and have underlying graded R-modules that are
• arbitrary if R is a field (but they will be free)
• Z-torsion-free if R = Z.
Remark 2.1. Torsion-free modules might not be free: Q is the standard example of this.
Another example is the Baer-Specker group
-the product of countably many copies of Z (see [10] and [1] ). This is significant in applications since the underlying chain complex of the cofree coalgebras constructed in [9] (and here) are not known to be Z-free. At best, they are subgroups of the Baer-Specker group. Iterating our constructions requires the additional generality of the present paper.
If C ∈ Ch(R), we define powers of C by:
where C 0 = R, concentrated in dimension 0. For a discrete group G, Ch(R) G denotes the category of chain-complexes with G-action. It is again closed and symmetric monoidal with a forgetful functor
that preserves this structure and has a left adjoint ( * ) [G] . In particular, these statements apply to the case where G = S n , the symmetric groups. We make extensive use of the Koszul Convention (see [4] ) regarding signs in homological calculations:
Remark 2.3. If f i , g i are maps, it isn't hard to verify that the Koszul convention implies that (
Definition 2.4. Given chain-complexes A, B ∈ Ch(R) define
to be the chain-complex of graded R-morphisms where the degree of an element x ∈ Hom R (A, B) is its degree as a map and with differential
Remark 1. Given A, B ∈ Ch(R) S n , we can define Hom RS n (A, B) in a corresponding way.
Define the category of collections of Ch(R) via
Ch(R)
S n where we follow the convention that S 0 = S 1 = {1}, the trivial group.
Definition 2.5. An operad is an object V ∈ Coll(Ch(R)) such that the associated endofunctor V : Ch(R) → Ch(R) defines a monad in Ch(R). In other words, it is equipped with transformations µ: V V → V and η: 1 Ch(R) → V that make the diagrams
commute. The natural transformation µ is called the structure-map of V and η is called its unit.
Remark 2. For longer but less abstract definitions, see [9] or chapter 1 in parts I and II of [6] . The operads we consider here correspond to unitary, symmetric operads in [9] . The term "unital operad" is used in different ways by different authors. We use it in the sense of Kriz and May in [5] , meaning the operad has a 0-component that acts like an arity-lowering augmentation under compositions.
The book [6] generally ignores this possibility (operads are sequences of objects {U (n)} with n ≥ 1), except in one place where it mentions a pointed operad. On the other hand, various authors use the term pointed operad to refer to something quite different.
For the purposes of this paper, the canonical example of an operad is Definition 2.6. Given any C ∈ Ch(R), the associated coendomorphism operad, CoEnd(C) is defined to have components {Hom R (C,C n )} with structure-map induced by composition of homomorphisms. Here, S n acts on Hom R (C,C n ) by permuting factors of C n .
We use the coendomorphism operad to define the main object of this paper: Definition 2.7. A coalgebra over an operad V is a chain-complex C ∈ Ch(R) with an operad morphism V → CoEnd(C).
We will sometimes want to focus on a particular class of V -coalgebras: the pointed, irreducible coalgebras. We define this concept in a way that extends the conventional definition in [12] :
Definition 2.8. Given a coalgebra over an operad V with adjoint structure-map
an element c ∈ C is called group-like if a n (c) = f n (c n ) for all n > 0. Here c n ∈ C n is the n-fold R-tensor product,
and ε n : V n → R is the augmentation (which exists by ). A coalgebra C over an operad V is called pointed if it has a unique group-like element (denoted 1), and pointed irreducible if the intersection of any two sub-coalgebras contains this unique group-like element.
Remark 3. Note that a group-like element generates a sub V -coalgebra of C and must lie in dimension 0. Although this definition seems contrived, it arises in "nature": The chain-complex of a pointed, simply-connected reduced simplicial set is naturally a pointed irreducible coalgebra over the Barratt-Eccles operad S = {C(K(S n , 1))} (see [8] ). In this case, the operad action encodes the chain-level effect of Steenrod operations. 
is of the form 1 ⊕f :
Proof. The definition (2.8) of the sub-coalgebra R · 1 ⊆ D i is stated in an invariant way, so that any coalgebra morphism must preserve it. Any morphism must also preserve augmentations because the augmentation is the 0 th -order structure-map. Consequently, f must map ker ε D 1 to ker ε D 2 . The conclusion follows. Definition 2.10. We denote the category of coalgebras over V by S 0 . The terminal object in this category is 0, the null coalgebra.
The category of pointed irreducible coalgebras over V is denoted I 0 . Its terminal object is the coalgebra whose underlying chain complex is R concentrated in dimension 0.
We also need: Definition 2.11. If A ∈ C = I 0 or S 0 , then ⌈A⌉ denotes the underlying chain-complex in Ch(R) of kerC → t where t denotes the terminal object in C -see definition 2.10. We will call ⌈ * ⌉ the forgetful functor from C to Ch(R).
We will use the concept of cofree coalgebra cogenerated by a chain complex: 4 This universal property of cofree coalgebras implies that they are unique up to isomorphism if they exist. Definition 2.13. Let C ∈ Ch(R) and let V be an operad, let A be a coalgebra over V and let f : ⌈A⌉ → C be a morphism in Ch(R). Then A will be called compact with respect to f if the composite A
is injective, where a is the adjoint coproduct map,
in which k = 0 if V is unital and 1 otherwise.
The fact that A is compact with respect to a map f : ⌈A⌉ → C implies that ⌈A⌉ is a sub-chain-complex of C ⊕ ∏ n≥k Hom RS n (V n ,C n ) and one could transport the coproduct of A to this sub-chain-complex.
it is dual to the structure-map of the operad V . To prove this, we need two definitions.
Definition 2.14. Let n ≥ 1 be an integer and let k be 0 or 1. Define P k (n) to be the set of sequences {u 1 , . . . , u m } of elements each of which is either a •-symbol or an integer ≥ k and such that
where • = 1 for the purpose of computing this sum. Given a sequence u ∈ P k (n), let |u| = m, the length of the sequence.
Remark 4. Note that the set P 1 (n) is finite and for any u ∈ P k (n) |u| ≤ n. By contrast, P 0 (n) is always infinite. 5
Definition 2.15. Let V be an operad and let u = {u 1 , . . . , u m }, be a list of symbols, each of which is either a positive integer or the symbol •. We define the generalized composition with respect to u, denoted γ u , by
and we follow the convention that (1) • = 1 when used in a numeric context, 
commutes, where
the c n are defined by
with
the dual of the generalized structure-map
We assume that V • = R and C • = C so that Remark 6. The paper [9] shows that cofree coalgebras exist when the underlying chaincomplex is Z-free -incidentally also showing that they are compact with respect to their own cogeneration maps.
On the other hand, the lower sub-triangle also commutes by the definition of c n and the fact that A is a V -coalgebra (so compositions of its structure map are the same as taking the dual of the structure-map of V ). It follows that the entire diagram commutes. Definition 2.17. Let V be an operad and let I ⊆ V be a suboperad. Then I will be called an operadic ideal in V if
Remark 7. Clearly, the quotient V /I comes equipped with an induced operad-structure and the kernel of any morphism of operads is an operadic ideal. Definition 2.18. Let C be a coalgebra over the operad U with structure map α: U → CoEnd(C) and let D ⊆ ⌈C⌉ be a sub-chain complex that is a direct summand. Then D will be called a
vanishes for all n ≥ 0 and all u ∈ U n .
Remark 8. Note that it is easier for a sub-chain-complex to be a coideal of a coalgebra than to be an ideal of an algebra. For instance, all sub-coalgebras of a coalgebra are also coideals. Consequently it is easy to form quotients of coalgebras and hard to form subcoalgebras. This is dual to what occurs for algebras. 7
FREE OPERADS
The first mention of free operads in the literature appears in [2] . We will follow the treatment of Ginzberg and Kapranov in [3] . Also see [6] and the thesis [11] . Definition 3.1. Let T (n) denote the set of ordered rooted trees of depth ≤ n. Given T ∈ T (n), we denote (1) the number of children of the root by |T | and the child-subtrees byṪ i ∈ T (n − 1), i = 1, . . . |T | (2) the number of children (in-edges) of a vertex v ∈ T by |T, v| and the in-edges themselves by e(v). (3) the number of leaves of T by ℓ(T ) and assume that each leaf-node is uniquely numbered from 1 to ℓ(T ).
Two such trees will be called order-isomorphic if there exists an isomorphism that preserves labels of the leaves. We also define an ordered tree with 0 leaves, t / 0 , to be the tree with a single edge and no nodes.
Remark 9. Recall that a rooted tree is a tree with a distinguished node called its root. Given any node (not the root) in a rooted tree, one can define one adjacent node to be its parent and the others to be its children based on distance from the root.
Note that our definition of order-isomorphism makes no reference to labels of the interior nodes. Since we have named the interior nodes, we can regard this as a order-automorphism, in which case σ(a) = 1 and σ(b) is the nontrivial element of S 2 .
We will also need the related concept:
is an RS n -module for all n, we will define an ordered C-tree with n leaves to be a tree T ∈ T with ℓ(T ) = n, where each interior node, x, is labeled with C(k), where k = indegree(x) (the number of incoming edges).
Given an ordered C-tree, T , define c(T ) recursively by setting c(T ) = C(|T |) if T is a corolla (i.e., a root with leaves), and
otherwise. In addition, define C T to be the quotient of c(T ) by the equivalence relation that equates C(k) at a vertex v with σ(v)(C(k)) for every possible order-automorphism of T .
Remark 11. Note that c(T )and C T come equipped with an S n -action that re-labels the leaves. We may regard σ ∈ S n as permuting the leaves of a tree or as permuting the labels via σ −1 . The definition of C T ensures the changes in T induced by this action induce symmetric group actions on the {C(k)} attached to interior vertices. Definition 3.4. Given a sequence of chain-complexes C = {C(1),C(2), . . . }, define the free operad they generate to have components {O(C) n } (n ≥ 1):
The symmetric group, S n , acts on O(C) n by permuting labels of the leaves.
The unital case is much more complex: Definition 3.5. If C = {C(1) = R,C(2), . . . } is a simplicial chain-complex (with C(n) representing n − 1-dimensional simplices for all n > 0), we can define free unital operad, U(C), generated by C as O(C) above except that U(C) 0 is the free abelian group generated by the empty tree with 0 nodes, t / 0 ∈ T (−1),
A description of an operad is not complete without giving its composition operations. In addition, if this (the i th ) leaf of a lies to the left of any complete subtree of a, we multiply by a factor of (−1) dim b·dim root , where root stands for the root of the subtree (an element of one of the C( * )).
In the case of U(C), composition is defined as above, but when b = 1 ∈ U(C) 0 we delete the i th leaf of T b and map its parent via F j , where F j is a face-operation in the simplicial structure of C = {C(1) = R,C(2), . . . } and leaf i was the j th child of its parent. where u ′ = F 1 (u), using the simplicial structure of {C(n)}. We recall the following definition from Definition 3.7. If E is a chain-complex, and t is an integer, let E ⊲t denote the chaincomplex defined by
We can define the building blocks for cofree coalgebras: In the case where F is a non-Σ operad, we replace Hom RS |T | ( * , * ) by Hom R ( * , * ). Definition 3.9. Given an F -coalgebra H with adjoint structure-map
If ⌈H⌉ is concentrated in nonnegative dimensions, a corresponding definition holds for
Remark 14. Recall that ⌈ * ⌉ is the forgetful functor that sends a coalgebra to its underlying chain-complex -see definition 2.11. Now we can compute L F A in a single step, without using the limiting process that is needed for non-free operads: 
The sets T ( * ) come with natural inclusions
inducing projections
We also have injective maps
where p is projection to a direct factor and
is the evaluation morphism. Proof. That L F A is a coalgebra over F follows from the fact that F is freely generated by the {C(n)} so that the map
In the unital case, C(n)
⊗ C[t / 0 ]A = C(n) ⊗ R → R n = R is defined by c ⊗ 1 → F n−1 0 (c) · 1
for c ∈ C(n). The coproducts of the other coalgebras are all induced by that on L F A. The coalgebra L F A comes with a cogeneration map
defined in equation 3.5 on the {C(n)}, uniquely extends to an operad-morphism.
Now we show that L F A is the cofree coalgebra over F cogenerated by A. Given an Fcoalgebra H and a morphism f : ⌈H⌉ → A, we must show that f induces a unique coalgebramorphismf :
Equations 3.1 and 3.5 imply thatf carries the action of the {C(n)} on H to their action on
Since the {C(n)} generate F , we conclude thatf is a morphism of F -coalgebras.
We show thatf is unique by induction on the height of trees in T . Clearly, if the height is 0, f T = f is the only possibility. Equation 3.1 is also the only way to define f T that is compatible with the coproduct of H and the (already uniquely determined) fṪ j . The conclusion follows. 
Remark 15. In general, these injective homology maps are not the obvious ones (i.e., the inclusion of positive dimensional homology in all homology).
Proof. This follows from definition 3.8, theorem 3.10, and the left exactness of the Hom RS n ( * , * ) functor in its right variable. We do a straightforward induction on the height of a tree in KC n and KC
The following is probably well-known, but not by the author:
Lemma 3.13. Let A and B be objects of Ch(R) S n such that A is a graded projective RS nmodule concentrated in nonnegative dimensions. Then there exists a weakly convergent spectral sequence with E
In addition, if f : B 1 → B 2 is a homology equivalence in Ch(R) S n , then
is a homology equivalence in Ch(R).
Remark 16. See appendix A for the proof.
The result is trivial when R is a field. 14 We can immediately conclude:
Corollary 3.14. Let F be a projectively generated free operad and let f : A 1 → A 2 be a morphism in Ch(R) that is a homology equivalence. Then the induced morphism
is also a homology equivalence in Ch(R).
Remark 17. Recall that ⌈ * ⌉ is the forgetful functor from coalgebras to chain-complexes.
Proof. A straightforward induction on the height of a tree and repeated application of lemma 3.13 implies that
is a homology equivalence for all T ∈ T . This and theorem 3.10 imply the claim.
Corollary 3.15. If F is a projectively generated free operad and f : A 1 → A 2 is a morphism in Ch(R) that is a homology equivalence, then the induced morphisms
are also homology equivalences in Ch(R).
Proof. This follows from corollaries 3.12 and 3.14 which imply that the maps induced in homology for ⌈M F A 1 ⌉ and ⌈F F A 1 ⌉ are restrictions of the homology isomorphisms induced for ⌈L F A 1 ⌉.
We need one last property of cofree coalgebras over free operads: Proof. Using the notation of theorem 3.10, we use a straightforward induction to show that
we define the evaluation of a on T {u 1 , . . . }, denoted c(T {u 1 , . . . }), recursively by
We use the Koszul convention to evaluate this tensor product of functions on the tensor product of arguments. The final result lies in a tensor product of copies of A indexed by the ℓ(T ) leaves of T .
We claim that evaluation defines an injective morphism
of DG-modules. 15
That e T is a morphism is clear. Injectivity follows by induction on the depth of T . The statement is clear if the depth is 0. The general case follows from
where the last term is isomorphic to Hom R (C T ,C ℓ(T ) ) via 3.3. We finally invoke definition 3.4 to conclude that
so that the injective maps to the Hom R (C T ,C n ) define an injective map to Hom RS |T | (F n , A n ). This map also coincides with the adjoint structure map of L V A.
THE GENERAL CASE
This section states and proves theorem 4.7. We begin with Definition 4.1. Let f : U → V be a morphism of operads and let C ∈ Ch(R). Any Vcoalgebra, A, can be pulled back over f to a U -coalgebra, f * A. The relative cofree coalgebra with respect to the morphism f and cogenerated by C, denoted L f C solves the universal problem:
Given any V -coalgebra, A, and any morphism in Ch(R) g:
commute. Here, the map ε: L f C → C is the cogeneration map.
Remark 18. These "not so cofree" coalgebras are universal targets of the subclass of Ucoalgebras that have been pulled back over f . In like fashion, we can define M f C, P f C, and F f C.
The universal property of L f C immediately implies that: 
and 1 otherwise. If the cofree coalgebra, L H C, is compact with respect to its own cogeneration maps (see definition 2.13) and if K is the kernel of the composite
is the projection, then K is the pullback of a coalgebra over H /I via the projection H → H /I that satisfies the universal requirements for being the cofree coalgebra L H /I C.
Proof. See appendix B for the proof. Proof. Any operad V is a surjective image of a projective free operad F and the kernel of F → V is an operadic ideal. Theorem 3.10 shows that L F C exists and corollary 3.12 implies that it is compact over its own cogeneration map. We can apply lemma 4.4 to conclude that L V C exists. It is also not hard to see that L V C is compact over its cogeneration map.
We can prove corresponding statements for the truncated and pointed-irreducible cofree coalgebras: 
Corollary 4.6. Under the hypotheses of lemma 4.4, if M is the kernel of the composite
If F is the kernel of the composite
and H /I is a unital operad, then
Proof. The proof of lemma 4.4 does not use any specific property of L H C other than the facts that (1) it is a sub-coalgebra of ∏ n≥0 Hom RS n (H n ,C n ) (2) its coproduct is dual to the compositions of H (3) it is cofree in a suitable context
It is only necessary to remark that the fact that H /I is unital implies that η(1) / ∈ I 1 so that the basepoint of P H C and F H C lie in P and F , respectively. Although the splitting mapf :W f C → W H C is a coalgebra morphism, we cannot use it to make the direct sum in equation 4.1 into a direct sum of coalgebras. This is because coalgebra structures are highly nonlinear. The subtraction that would have to be used to define a projection W H C → W V C would not preserve coproducts.
One can explicitly describe the H -coalgebra structure of f * (W H C) = W f C ⊆ W I C using the coideal structure of I . The coproduct of W I C is essentially the dual of the operadstructure map of I γ:
Proof. We will prove this in the case where W * C = L * C. The other cases follow by similar arguments. Lemma 4.4, corollary 4.5 and the right-exactness of the hom-functor imply that the kernel of
where C is regarded as a V -coalgebra whose coproduct is identically zero. The kernel of ε V will be a coideal in p * L V C (see definition 2.18) whose underlying chain complex is isomorphic to ⌈p * L V C⌉/C (since C ⊂ p * L V C is a direct summand as a chain complex and as a coalgebra).
We claim that ker ε V is also a coideal in L H C. This follows from the fact that
is injective for all n and so is
is an H -coalgebra equipped with a canonical cogeneration (chain-)map
This chain-map and the universal property of the cofree coalgebra L H C implies the existence of a coalgebra morphismf
The composite of this with f * is a morphism that covers the identity map of C -which must be the identity map of L f C ⊆ L I C due to the uniqueness of induced maps to cofree coalgebras. Consequently,f splits f * and induces the splitting of chain-complexes in equation 4.1.
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The final statements follows from lemma 4.4 and the fact that every operad is the surjective image of some free operad. So the splitting in equation 4.1 exists for any V and a suitable free operad. This splitting induces a corresponding splitting in homology
The statement about homology invariance of L V C follows from corollary 3.14 and the fact that a direct summand of an isomorphism is an isomorphism.
APPENDIX A. PROOF OF LEMMA 3.13
We filter the chain complex Hom RS n (A, B) via
where (A) p = A/(A) p−1 and (A) p−1 is the subcomplex of elements of degrees < p. We get
and
Note the subscript of q − p rather than p + q. This is due to the fact that elements of A p contribute −p to the degree of the total Hom R -complex -see definition 2.4. The differential is d 0 = Hom R (1, ∂ B ) and the projectivity of A p implies that the E 1 -term is E p,q
We claim that
This follows from the fact that F p Hom RS n (A, B) consists of maps that vanish below dimension p in A, so the intersection consists of maps that vanish in all dimensions. This implies the weak convergence of the spectral sequence -see § 3.1 of [7] . It remains to prove the final statement of this result. We begin with
as R-modules (see definition 2.4 and the remark following it). It follows that
so that the natural map
is an isomorphism and the filtration F p Hom RS n (A, B) is complete as well as Hausdorff.
The conclusion now follows from the Eilenberg-Moore Comparison Theorem -see theorem 5.5.11 in § 5.6 of [13] .
APPENDIX B. PROOF OF LEMMA 4.4
We will show that the map induced on K by the coproduct of L H C makes it a coalgebra over H /I . It will then turn out to inherit the the "cofreeness" of L H C as well.
Clearly, K inherits a map
from its inclusion into L H C. We must show that its image actually lies in
We make use of the fact that the structure-map of L H C is dual to the compositions of the operad H and that I is an operadic ideal. 
Hom RS n (I n ,C n )
This comes equipped with a map
whose kernel is K n .
(6) The maps g 1 and g 2 are ∏ Hom R (γ, 1) where γ is the structure-map of H , restricted to I n ⊗ H i 1 ⊗ · · · ⊗ H i n and Z n,i 1 ,...,i n , respectively. (1, m n ) . The fact that the coproduct of K lies in the kernel of s implies that it is the pullback of a map
Hom RS n (H n /I n ,C n ) over the projection p: H → H /I .
We can rewrite the outer rim of diagram B.2 as
This shows that, if x ∈ K, then the coproduct of x, evaluated on any element of H n /I n (or H n ) gives a result that lies in the kernel of m n , hence is in K n . It follows that K is a sub-coalgebra of L H C and one that has been pulled back from H /I .
The final statement of the lemma follows from the universal property of cofree coalgebras. Suppose M is any coalgebra over H /I equipped with a chain-map α: M → C. By composition with the projection p: H → H /I , we may regard M as a coalgebra over H .
The universal property of a cofree coalgebra implies that there exists a unique morphism of H -coalgebras 
